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a b s t r a c t
In the present note, we investigate the fixed points of correspondences defined on cone
metric spaces satisfying a conditionally contractive condition.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction and preliminaries
The investigation of fixed points of mappings satisfying certain contractive conditions has been a cornerstone of fixed
point theory and it has vast area of applications such as nonlinear and adaptive control systems, computing magnetostatic
fields, and recurrent networks (see [1–3]).
Recently, a generalization of metric space was given in [4] under the name cone metric space in which the range of
metric, real numbers, is replaced by an ordered Banach space; in this framework, some results on fixed points of contraction
mappings are given. The study of fixed point theorems in cone metric spaces was also carried out by some other authors
(see e.g. [5–16]). The aim of this work is to present some results on fixed points of correspondences which are defined on
cone metric spaces, and satisfy a generalized contractive condition.
We first recall some concepts and then, give the main results in the following two sections.
A nonempty subset P of a Banach space E is called a cone if:
(i) P is closed, nonempty, and P 6= {0};
(ii) a, b ∈ R, a, b ≥ 0 and x, y ∈ P , imply that ax+ by ∈ P ;
(iii) P ∩ (−P ) = {0}.
Every cone P ⊂ E, induces a partial order  on E defined by x  y whenever y − x ∈ P . The notation x ≺ y indicates
that x  y and x 6= y, while x  y stands for y − x ∈ intP , where intP denotes the interior of P . The cone P is called
normal if there is a positive real numberM such that
0  x  y⇒ ‖x‖ ≤ M‖y‖,
for all x, y ∈ E.
In the following we always suppose that E is a Banach space,P is a cone in E with nonempty interior and is the partial
order induced by P .
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Definition 1 ([4]). Let X be a nonempty set. If the mapping d : X × X → P satisfies the following conditions:
(CM1) 0  d(x, y) for all x, y ∈ X and d(x, y) = 0 if and only if x = y;
(CM2) d(x, y) = d(y, x) for all x, y ∈ X;
(CM3) d(x, y)  d(x, z)+ d(y, z) for all x, y, z ∈ X ,
then d is called a P -cone metric on X , and the pair (X, d) is called a P -cone metric space. In addition, if X is a vector space,
then (X, d)will be called a P -cone metric vector space.
Some examples of cone metric spaces can be found in the references list. The following example gives a method to
construct cone metric spaces in a simple way.
Example 1. Let A be a C∗-algebra with the positive cone P (the set of all hermitian elements with non-negative real
spectrum). If (X, ρ) is a metric space and p ∈ P \ {0}, then the mapping
(x, y)→ ρ(x, y)p (x, y ∈ X),
is a P -cone metric on X . More generally, consider the metric spaces (X, ρn), where (ρn) is bounded from above. If p is a
nonzero positive element of the closed unit ball of A and
∑





αnρn(x, y)pn (x, y ∈ X),
defines a P -cone metric on X .
According to preceding example, easy cone metrics can be constructed using positive definite matrices in full matrix
algebra Mn. Also, every nonnegative real valued function of C(Ω), where Ω is a compact Hausdorff space gives a cone
metric.
Definition 2. Let (X, d) be a P -cone metric space.
• A sequence {xn} of X is called convergent to x ∈ X , if for every c  0, there is a positive integer N such that d(xn, x) c ,
for all n > N; then {xn} is said to be convergent to x and denoted by xn → x. If for any c  0, d(xn, xm)  c for all
sufficiently largem, n, then {xn} is called a Cauchy sequence in X . If every Cauchy sequence is convergent to a point of X ,
then X is called a complete P -cone metric space [4].
• A subset C of X is called open if for every x ∈ C there exists c  0 such that d(x, y) ≺ c implies y ∈ C .
• A subset C ⊂ X is said to be closed if it contains the limit of all its convergent sequences. And the closure of C denoted by
C is defined as the set of all points of X that are the limit point of some sequence in C .
• For a subset C of X , the set of all x ∈ C ∩ C c is called the boundary of C and it is denoted by ∂C .
2. Fixed points of C.C. correspondences
We recall that a correspondence ϕ from a set X to a set Y assigns to each x in X a (nonempty) subset ϕ(x) of Y . For any
subset C of X and correspondence ϕ : C  X , an element x ∈ C is said to be a fixed point if x ∈ ϕ(x).
Definition 3. Let (X, d) be a complete P -cone metric space and C be a nonempty subset of X . A closed-valued
correspondence ϕ : C  X is said to be conditionally contractive (briefly, C.C.) if there exists a real constant k ∈ [0, 1)
(C.C. constant), such that for every x, y ∈ C , and p ∈ ϕ(x), there is q ∈ ϕ(y) such that d(p, q)  kd(x, y).
Theorem 1. Every C.C. correspondence ϕ : X  X has a fixed point.
Proof. Let ϕ : X  X be C.C. with C.C. constant k. Pick any point x0 ∈ X and choose x1 ∈ ϕ(x0). There exists x2 ∈ ϕ(x1) such
that d(x1, x2)  kd(x0, x1). By induction, we obtain a sequence {xn} such that for each n ≥ 1, xn+1 ∈ ϕ(xn) and




Therefore, form < nwe have
d(xn, xm)  d(xn, xn−1)+ d(xn−1, xn−2)+ · · · + d(xm+1, xm);
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and so








Let c  0 be given. Choose δ > 0 such that c + Nδ(0) ⊆ P , where Nδ(0) = {y ∈ E : ‖y‖ < δ}. Then, for all sufficiently
largem,
km
1− kd(x1, x0) ∈ Nδ(0),
and therefore
km
1− kd(x1, x0) c.
Thus for all sufficiently largem and nwhere n > m, we have d(xn, xm) c. That is {xn} is a Cauchy sequence in (X, d). Now,
by the completeness of (X, d), there exists x∗ ∈ X such that xn → x∗. To complete the proof we show that x∗ ∈ ϕ(x∗).
By assumption, for every n, there is qn ∈ ϕ(x∗) such that
d(xn+1, qn)  kd(x∗, xn). (1)
On the other hand
d(x∗, qn)  d(x∗, xn+1)+ d(xn+1, qn), (2)
for all n. Hence (1) and (2) imply
d(x∗, qn)  d(x∗, xn+1)+ kd(x∗, xn);
and consequently for c  0, we obtain d(x∗, qn)  c, for sufficiently large n. Hence, qn → x∗ and therefore x∗ ∈
ϕ(x∗). 
Example 2. Let X ⊂ R and g : X → R+ be a contraction mapping with contraction constant α in the usual sense. Define
ϕ : X  R by
x  [0, g(x)].
It is easy to see that the mapping ϕ is a C.C. correspondence with C.C. constant α. Hence ϕ has a fixed point. In fact, every
fixed point of g is a fixed point of ϕ.
Example 3. LetP = {(x, y) ∈ R2 : x, y ≥ 0} and d : R2×R2 → R2 be defined as d((x, y), (u, v)) = (|x− u|, |y− v|). Then
(R2, d) is a P -cone metric space. Let f : [a, b]  [a, b] and g : [c, d]  [c, d] be C.C. correspondences with C.C. constants α
and β , respectively in the usual metric on R (e.g., x  [0, xr ], where r > 1). Define
h : [a, b] × [c, d]  [a, b] × [c, d]
(x, y)  f (x)× g(y).
The mapping h is a C.C. correspondence with constant max{α, β}. In fact, for every (x, y), (u, v) ∈ [a, b] × [c, d] and
(r, s) ∈ f (x) × g(y) = h(x, y) there exist z ∈ f (u) and w ∈ g(v) such that |r − z| ≤ α|x − u| and |s − w| ≤ β|y − v|.
Hence, (z, w) ∈ f (u) × g(v), and (|r − s|, |z − w|)  max{α, β}(|x − u|, |y − v|). That is, h is a C.C. correspondence and
Theorem 1 implies that h has a fixed point. Indeed, (x, y) is a fixed point of h if and only if x and y are fixed points of f and
g , respectively.
In the following, for x0 ∈ X and p 0 we set
B(x0, p) := {x ∈ X : d(x0, x) ≺ p},
and
B˜(x0, p) := {x ∈ X : d(x0, x)  p}.
Theorem 2. Let (X, d) be a complete P -cone metric space, x0 ∈ X and p  0. Suppose that ϕ : B(x0, p)  X is a C.C.
correspondence with C.C. constant k and there exists x1 ∈ ϕ(x0) such that d(x0, x1) ≺ (1− k)p. Then ϕ has a fixed point.
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Proof. The argument is similar to that of the proof of the Theorem 1. There exists x2 ∈ ϕ(x1) such that
d(x2, x1)  kd(x1, x0), (3)
and therefore
d(x2, x1) ≺ k(1− k)p.
Note that x2 ∈ B(x0, p). By induction, we obtain a sequence {xn} such that xn+1 ∈ ϕ(xn) and
d(xn+1, xn) ≺ kn(1− k)p,
for all n. Hence
d(xn, x0)  d(xn, xn−1)+ · · · + d(x1, x0)




ki(1− k)p ≺ p,







1− k (1− k)p.
We simply deduce that {xn} is a Cauchy sequence. By the closedness of B(x0, p) and completeness of X , there exists
x∗ ∈ B(x0, p) such that xn → x∗. We claim that x∗ ∈ ϕ(x∗).
For every n, there exists qn ∈ ϕ(x∗) such that
d(xn+1, qn)  kd(x∗, xn). (4)
On the other hand
d(x∗, qn)  d(x∗, xn+1)+ d(xn+1, qn), (5)
for all n. Hence (4) and (5) imply
d(x∗, qn)  d(x∗, xn+1)+ kd(x∗, xn),
for all n. This simply implies that qn → x∗. Thus, x∗ ∈ ϕ(x∗). 
3. Cone homotopic correspondences
In this section, we aim to investigate fixed points of equivalent correspondences in the homotopic sense. To present the
results, we need some preliminaries.
An element z in partially ordered set (E,) is the supremum of a pair of elements x, y if z is an upper bound of the set
{x, y}, that is, x  z and y  z; and z is the least such bound, that is, x  u and y  u imply z  u. The infimum of two
elements is defined similarly.
A partially ordered set (E,) is a lattice if each pair of elements x, y ∈ E has a supremum and an infimum.
An ordered vector space that is also a lattice is called a vector lattice. If normed vector lattice is complete, then it is called
Banach lattice. For a vector x in a vector lattice, the absolute value |x| is defined by |x| = sup{x,−x}. It is easy to see that for
a vector lattice E with cone P , d(x, y) = |x− y| defines a P -cone metric on E which is called absolute P -cone metric.
Definition 4. Let X, Y be two P -cone metric spaces. A mapping ϕ : X → Y is said to be P -continuous at x ∈ X if for every
c  0 there is b 0 such that for all y ∈ X with d(x, y) b, we have d(ϕ(x), ϕ(y)) c. The mapping ϕ is P -continuous
on X if ϕ is P -continuous at every x ∈ X .
It is easy to see that if ϕ : X → Y is a P -continuous mapping and {xn} is a sequence in X such that xn → x, then
ϕ(xn)→ ϕ(x). And, for two P -cone metric spaces X and Y , the P -continuity of f is equivalent to that for each open subset
V of Y , the set f −1(V ) is an open subset of X . The image of connected P -cone metric spaces under P -continuous mappings
are connected as the notion of connectedness is defined in a usual topological fashion in the sense of Definition 2.
Hereafter, we assume that (X, d) is a complete P -cone metric space, where P is a normal cone in Banach lattice (E,),
and U is an open subset of X . For a nonzero vector e ∈ P , de : R × R −→ E defined by (x, y) 7→ d0(x, y)e gives a P -cone
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metric, where d0 is the usual metric on R. Also, by a chain function we mean an increasing function f : R → E such that
[f (a), f (b)] is a totally ordered subset of E for every a, b ∈ Rwith a < b.
Now we are ready to give P -cone peer of homotopic correspondences.
Definition 5. Let ϕ : U  X and ψ : U  X be two closed-valued correspondences. We say that ϕ and ψ are P -cone
homotopic if there exists a closed-valued correspondence H : U × [0, 1]  X satisfying the following properties:
(H1) H(·, 1) = ϕ and H(·, 0) = ψ;
(H2) x 6∈ H(x, t), for every x ∈ ∂U and t ∈ [0, 1];
(H3) there exists α ∈ [0, 1) such that for all t ∈ [0, 1], x, y ∈ U and p ∈ H(x, t) there is q ∈ H(y, t)with d(p, q)  αd(x, y);
(H4) there exists a P -continuous chain function θ : [0, 1] → E such that for all t, s ∈ [0, 1], x ∈ U and p ∈ H(x, t) there
exists q ∈ H(x, s)with d(p, q)  |θ(t)− θ(s)|.
If H is a P -cone homotopy between correspondences ϕ : U  X and ψ : U  X , and ψ has a fixed point in U , then the
subset
T := {(t, x) ∈ [0, 1] × U : x ∈ H(x, t)} (6)
is nonempty. Also, the relation≤ defined by
(t, x) ≤ (s, y) if and only if t ≤ s and d(x, y)  2 |θ(s)− θ(t)|
1− α , (7)
gives a partial order on T , where α and θ are as in Definition 5.
We mean the following notations for every pair x, y ∈ E:
[x, y] := {z ∈ E : x  z  y};
(x, y] := {z ∈ E : x ≺ z  y};
[x, y) := {z ∈ E : x  z ≺ y}.
Lemma 1. Let f : R → E be a P -continuous chain function, a, b ∈ R and a < b. If p ∈ E with f (a) ≺ p ≺ f (b), then there
exists x ∈ (a, b) such that f (x) = p.
Proof. Since f is increasing, f [a, b] ⊂ [f (a), f (b)]. On the contrary suppose that p 6∈ f [a, b]. Since f isP -continuous, f [a, b]
is connected in the P -cone sense in E. Define
Ap = f [a, b] ∩ [f (a), p);
Bp = f [a, b] ∩ (p, f (b)].
It is clear that these sets are nonempty and f [a, b] = Ap ∪ Bp. We show [f (a), p) and (p, f (b)] and consequently Ap and Bp
are disjoint. Suppose that y belongs to the closure of [f (a), p). Therefore, there exists a sequence {yn} ⊆ [f (a), p) such that
yn → y in absolute P -cone metric on E. On the contrary if y ∈ (p, f (b)], then yn ≺ p ≺ y. This implies |p− yn| ≺ |y− yn|,
and so the uniqueness of the limit implies y = p, which is impossible. Hence y 6∈ (p, f (b)]. A same argument shows that
(p, f (b)] ∩ [f (a), p) = ∅.
Hence Ap and Bp constitute a separation of f [a, b]which is a contradiction. 
Theorem 3. Let ϕ : U  X and ψ : U  X be P -cone homotopic. If ψ has a fixed point in U, then ϕ has a fixed point in U.
Proof. Let T be the subset presented in (6) and consider the partially order given in (7). Let S be a totally ordered subset of
T . Define t∗ := sup{t : (t, x) ∈ S}. Take a non-decreasing sequence {(tn, xn)} in S with tn → t∗ in the usual metric d0 on R.
Fix nonzero e ∈ P and consider P -cone metric de : R× R −→ E defined by (s, t) 7→ d0(s, t)e. Notice that
d(xn, xm)  2θ(tn)− θ(tm)1− α (m < n). (8)
Since tn → t∗ in (de) and θ is continuous, θ(tn)−θ(tm)1−α → 0 as m → ∞. Thus {xn} is a Cauchy sequence and therefore
converges to some x∗ ∈ U . We see that (t∗, x∗) ∈ T . In fact, from (H3) since xn’s belong to H(xn, tn), for every n there exists
qn ∈ H(x∗, tn) such that
d(xn, qn)  αd(x∗, xn), (9)
and from (H4) for every n, since qn ∈ H(x∗, tn), there exists pn ∈ H(x∗, t∗) such that
d(qn, pn)  |θ(tn)− θ(t∗)|. (10)
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On the other hand
d(x∗, pn)  d(x∗, xn)+ d(xn, qn)+ d(qn, pn), (11)
for all n. Thus, from (9), (10) and (11) we get
d(x∗, pn)  d(x∗, xn)+ αd(x∗, xn)+ |θ(tn)− θ(t∗)|,
for all n. This implies that pn → x∗, x∗ ∈ H(x∗, t∗) and consequently (t∗, x∗) ∈ T . We see that
(t, x) ≤ (t∗, x∗) ((t, x) ∈ S);
indeed, from (8) and ([4]; Lemma 5) we have
d(x∗, xm)  2θ(t
∗)− θ(tm)
1− α ,
for allm ≥ 1. Thus, for (t, x) ∈ S and tm ≥ t , we have
d(x∗, x)  d(x∗, xm)+ d(xm, x)
 2θ(t
∗)− θ(tm)






Therefore (t∗, x∗) is an upper bound on S. By Zorn’s lemma, T admits a maximal element (t0, x0) ∈ T . To complete the proof,
we show that t0 = 1.
Let t0 < 1. Then, we can choose c  0 with B(x0, c) ⊂ U . Set
f (t) = 2θ(t)− θ(t0)
1− α , (t ∈ [t0, 1]).
Clearly, f is increasing and P -continuous. Thus, if 0 ≺ c ′ ≺ inf{c, f (1)}, by Lemma 1, there exists t˜ ∈ (t0, 1) such that
c ′ = 2θ(t˜)− θ(t0)
1− α .
Now, because H(·, t˜) is C.C. by (H3), and from (H4), since t˜, t0 ∈ [0, 1], x0 ∈ U , and x0 ∈ H(x0, t0), there exists x1 ∈ H(x0, t˜)
such that
d(x0, x1)  θ(t˜)− θ(t0) ≺ (1− α)c ′.
And, Theorem 2 implies that H(·, t˜) has a fixed point x ∈ B(x0, , c ′). Thus (t˜, x) ∈ T with (t0, x0) < (t˜, x), which is a
contradiction. 
As in usual metric vector spaces, by a bounded set C of P -cone metric vector space X it is meant that there exist p  0
such that C ⊆ B(0, p).
Corollary 1. Let (X, d) be a P -cone metric vector space satisfying the following conditions:
d(tx, ty) = |t|d(x, y) (x, y ∈ X, t ∈ R); (12)
d(tx, sx) = |t − s|d(x, 0) (x ∈ X, t, s ∈ R). (13)
Suppose also that 0 ∈ U and ϕ : U  X is a C.C. correspondence that ϕ(U) = ∪x∈U ϕ(x) is bounded. Then, either
(i) ϕ has a fixed point in U, or
(ii) there exist x ∈ ∂U and λ ∈ (0, 1) with x ∈ λϕ(x).
Proof. Assume that (ii) does not hold and ϕ has no fixed points on ∂U . Let ψ : U  X with ψ(U) = {0}. Consider the
correspondence H : U × [0, 1]  X defined by
H(x, t) := tϕ(x) (x ∈ U, t ∈ [0, 1]).
We see that H is a P -cone homotopy between ϕ and ψ . In fact,
(H1) H(x, 1) = ϕ(x) and H(x, 0) = ψ(x);
(H2) u 6∈ H(u, λ) for every u ∈ ∂U and λ ∈ [0, 1];
(H3) if α is the C.C. constant of ϕ, choose t ∈ [0, 1], x, y ∈ U and p ∈ ϕ(x). Then, there exists q ∈ ϕ(y) and consequently
tq ∈ tϕ(y) such that
d(tp, tq) = |t|d(p, q)  |t|αd(x, y);
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(H4) if ϕ(U) ⊆ B(0, v), define θ : [0, 1] → E by θ(t) = tv, for all t ∈ [0, 1]. For t, s ∈ [0, 1], x ∈ U and p ∈ ϕ(x) there
exists p ∈ ϕ(x) and then sp ∈ sϕ(x) such that d(tp, sp) = |t − s|d(p, 0)  |t − s|v.
Now, Theorem 3 says that there exists x ∈ U with x ∈ ϕ(x). 
Corollary 2. Consider the assumptions presented in preceding corollary onP -cone metric space (X, d). Let ϕ(U) ⊆ B(0, v) and
(U − ϕ(U)) ⊆ B˜(0, u), for some u, v  0. If either ∂U ∩ B(0, v) = ∅ or v  u, then ϕ has a fixed point.
Proof. Suppose on the contrary that ϕ has no fixed point. From Corollary 1 it implies that there exist x ∈ ∂U , λ ∈ (0, 1) and
y ∈ ϕ(x) such that x = λy. Now, if ∂U ∩ B(0, v) = ∅, therefore
d(x, 0) = d(λy, 0) = λd(y, 0) ≺ d(y, 0)  v,
which is a contradiction. If v  u, then
u  d(0, λy− y) = (1− λ)d(0, y) ≺ d(0, y)  v,
which again is a contradiction. 
Corollary 3. Suppose the assumptions presented in Corollary1 onP -conemetric space (X, d). Let ϕ : X  X be a correspondence
such that ϕ(B(0, c)) is bounded and ϕ|B(0,c) is C.C., for all c  0. Define
Λ(ϕ) := {x ∈ X : x ∈ λϕ(x) for some λ ∈ [0, 1]}.
Then either Λ(ϕ) is unbounded or ϕ has a fixed point.
Proof. Let ϕ has no fixed point and Λ(ϕ) is bounded. Then, there exists v  0 such that for every x ∈ Λ(ϕ), d(x, 0)  v.
Select c  0 arbitrarily. Then, ϕ|B(0,c) has no fixed point and by Corollary 1 for some x ∈ ∂B(0, c), λ ∈ (0, 1) we have
x ∈ λϕ(x). Therefore x ∈ Λ(ϕ) and so d(x, 0)  v. But x ∈ ∂B(0, c) implies d(x, 0) = c . Because if x ∈ ∂B(0, c), there exists
{xn} such that xn → x and d(xn, 0) ≺ c . Thus, d(x, 0)  c and so d(x, 0) = c , for x ∈ ∂B(0, c). Since c was arbitrary this
causes a contradiction. 
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